In this paper, a comparison for the effect of different arrangement of point masses on vibroacoustic behavior of parabolic tapered annular circular plate with different taper ratios are analyzed by keeping the total mass of the plate plus point masses constant. Three different arrangement of thickness variation are considered. The mathematical tool FEM using ANSYS is used to determine the vibration characteristic and both FEM and Rayleigh integral is used to determine the acoustic behavior of the plate. Further, Case II plate (parabolic decreasing increasing thickness variation) for all combination of point masses is found to have reduction in natural frequency parameter in comparison to other cases of parabolic tapered plate. In terms of acoustic behavior, sound power levels of different cases of plate with different point mass combination are observed. It is observed that the Case II plate with two point masses combination shows the highest sound power and the Case III plate for all cases of point mass combination is least prone to acoustic behavior. Furthermore, It is observed that at low forcing frequency average radiation efficiency of parabolic tapered plate for different arrangement of point masses is almost same, but at high forcing frequency average radiation increases for higher taper ratio. Finally, a brief discussion of peak sound power reduction and actuation for different arrangement of point masses with different taper ratios are provided.
Introduction
Plate with tapered annular circular plates with different combinations of point masses has many engineering applications. They are used in many structural components, i.e., building, design, diaphragms, and deck plates in launch vehicles, diaphragms of turbines, aircraft and missiles, naval structures, nuclear reactors, optical systems, construction of ships, automobiles and other vehicles, the space shuttle, etc. These tapered plates with different combinations of point masses are found to have greater resistance to bending, buckling, and vibration in comparison to plates of uniform thickness. It is interesting to know that tapered plates with different thickness variation have drawn the attention of most of the researchers in this field. However, tapered plates with different combination of point masses can alter the dynamic characteristic of structures with a change in stiffness. Hence, for practical design purposes, the vibration and acoustic characteristics of such tapered plates are
Materials and Methods

Free Vibration of Plate
In this simulation process, the vibration of the plate is performed and its modal characteristic is determined. The natural frequency along with the modes shape of the plate during modal analysis is obtained as
In the above formulation, [M] is said to be mass matrix and [K] is said to be the stiffness matrix. The mode shape is represented by ψ mn and the corresponding natural frequency of the plate is represented by ω denoted as rad/sec. Further, λ 2 known as the non-dimensional frequency parameter which is obtained as
where, D is said to be the flexure rigidity = Eh 3 12(1−υ 2 ) , a is said to be the outer radius, E is said to be the Young's modulus of elasticity, υ is said to be Poisson's ratio, h is said to be the thickness of the plate, and ρ is said to be the density of plate.
Acoustic Radiation Formulation of Plate with Point Masses
In this numerical simulation, we consider an annular circular plate in flexural vibration is set on flat rigid baffle having infinite extent as reported in Figure 1 . We are neglecting the acoustic scattering of the edges of a vibrating structure in this investigation. Further, if P be considered as sound pressure amplitude, S s be considered as the surface of the sound source, q be considered as the Green methods function in free field. Furthermore, if l s and l p be considered as the position vectors of source and receiver and If the surface normal vector at l s is taken as f, then using by Rayleigh integral [10] , structure sound radiation can be obtained by Equation ( 3)
Consideration of the plane wave approximation to determine the sound pressure radiated from non-planar source in far and free field environment can be obtained by Equation (4) P l p = ρ 0 c 0 B 4π S s e iB|l p −l s |U (l s )
Further for our consideration, if ρ 0 is considered as the mass density of air, c 0 is considered as the speed of sound in air, B is considered as the corresponding acoustic wave number, and . U and . u is considered as both the corresponding vibratory velocity amplitude and spatial dependent vibratory velocity amplitude in the z direction at l s , then the modal sound pressure P mn from a normal plane [10] , for an annular plate with (m, n)th mode is obtained from simplifying above Equation (4) with Hankel transform and is obtained Equations (5) and (6)
where J n is considered as Bessel function of order n, (α, β) are considered as the cone and azimuthal angles of the observation positions, η is considered as angle between the surface normal vector and the vector from source position to receiver position, and A is considered as Hankel transform. Further from the far field condition, R d in the denominator is approximated by R where R = |l p | is considered to be radius of the sphere. The observation positions are represented by some points having equal angular increments (∆ϕ , ∆α) on a sphere S v . Then, at all of the observation positions, the sound pressure is obtained by the above Equations (4)- (6) . Where '∆ϕ represents the small increment in the circumferential direction of the plate. In far field for the (m, n)th mode, the modal sound power S mn [10, 16] is obtained by Equation (7)
where, we considered D mn , as the acoustic intensity and we considered S v as area of the control surface. Furthermore, if σ mn is considered as radiation efficiency of the plate, then radiation efficiency [10] is obtained by Equation (8)
where, . u 2 mn ts is considered to be the spatially average r.m.s velocity for the two normal surfaces of the plate. If the plate thickness (h) effect is considered, then from the two normal surfaces of the plate at (Z = 0.5h and −0.5h), the modal sound power [16] due to the sum of two sound radiations is obtained by Equations (9)-(11)
where, for (m, n)th mode, B mn is considered to be the corresponding acoustic wave number whereas s and o represent the source side and opposite to source side. 
Thickness Variation of the Plate
In this numerical simulation processes, we considered three different parabolic thickness variation of plate for vibration analysis and are reported in Figure 2 . The radial direction is taken for thickness variation and the total mass of the plate plus point masses are kept constant. The thickness is varied in radial direction and is given by h x = h [1 −T x {f (x)} n ], where 'h' is the maximum thickness of the plate.
where, f (x) = { 0,x=b 1,x=a and f (x) =
In this study, the taper ratio (T x ) is obtained by Equation (13) T
The Case I plate (parabolically decreasing) thickness variation, Case II plate (parabolically decreasing-increasing) thickness variation, and Case III plate (parabolically increasing-decreasing) thickness variation of ( Figure 2 ) are obtained by Equations (14)- (16) 
where, n = 2 for parabolic thickness variation. The total volume of the plate plus point masses as well as unloaded plate is kept constant and is given by the Equation (17)
The process is based on the numerical simulation technique using FEM. The plate is modeled in ANSYS with Plane 185 with 8 brick nodes and having three degrees of freedom at each node. A Structural Mass 21 in ANSYS is added to locate the point mass at the nodes. The number of element and nodes for uniform unloaded plate comes out to be 5883 and 1664, respectively. The numerical results obtained using FEM are compared with the other existing literature. The structure is modeled as such that the volume of the uniform unloaded plate is equal to the volume of the plate with point mass and as a result the whole mass of the plate with point mass remains constant. For plates with different cases of thickness variation with different point masses, we tried to keep the mesh as close to the mesh of the uniform unloaded plate. For vibration analysis and for Case I plate with one point mass combination, the modal structure consists of 5726 elements with 1575 nodes. Similarly, for Case I plate with two point masses combinations, the modal structure will be consists of 5720 elements with 1537 nodes where as for Case I plate with four point masses combination, the modal structure will be consists of 5712 elements with 1517 nodes respectively. In this numerical simulation technique, the meshes of different cases of plate with different plate thickness and with different combination of point masses are not exactly equal to the uniform unloaded plate. However for plate with other combination of point masses with different parabolic thickness, variations of 1-2% of mesh as that of uniform unloaded plate are considered. Furthermore, around the plate for creating the acoustic medium environment FLUID 30 and FLUID 130 are used. FLUID 30 is used for fluid structure interaction. FLUID 130 elements are created by imposing a condition of infinite space around the source and to prevent the back reflection of sound waves to the source. For acoustic calculation, the number of elements and nodes for uniform unloaded plate comes out to be 14,680 and 3639, respectively. For Case I plate with one point mass the number of elements and nodes after proper convergence comes out to be 14,662 and 3627, respectively. Further, after proper convergence, for Case I plate with two point masses the number of element and nodes after proper convergence comes out to be 14,644 and 3615 respectively. For Case I plate with four point masses, the number of element and nodes after proper convergence found to be 14,620, and 3605 respectively. For other cases of plate with different point masses combination, again a variation of 1-2% of mesh as that of uniform unloaded plate is taken in this numerical simulation technique. Consider the plate is vibrating in air medium with air density ρ 0 = 1.21 kg/m 3 . At 20 • C, the speed of sound c 0 of air is assumed as 343 m/s. The plate with structural damping coefficient is taken as 0.01. Rayleigh integral is applied to determine acoustic power calculation and ANSYS is used as a tool for numerical simulation. In this paper, we considered a plate with outer radius 'a' and inner radius 'b' as shown in Figure 2 . In this numerical simulation processes, a comparison for the effect of natural frequency parameter, effect of sound power level, effect of average radiation efficiency, and effect of peak sound power level for different cases of parabolic tapered plate with different combinations of point masses are obtained. For all cases of tapered plate with point masses, the mass of the plate is kept constant. The out of plane (m, n)th modes are considered and the different taper ratios are varied in the range of 0.00-0.75 for this process of simulation. The plate is clamped at inner and free at the outer boundary. We are considered the three arrangements of plate with different combination of point masses as shown in Figure 3 . The selection of different combinations of point masses are such that the mass of uniform unloaded plate is equal to mass of plate + point mass and in all cases total mass of the plate with point masses remains constant. The dimension and the material properties of an annular circular plate with point masses are reported in Table 1 . 
Validation of the Present Study
In this process of numerical simulation technique, the validation of modal frequency of thick annular isotropic plate is done with the published result of Lee et al. [10] as shown in Table 2 . In [10] , Lee et al. used the thick and thin plate theories to provide the solution for the natural frequency parameter of uniform annular circular plate. In our study, we have calculated our result using FEM by taking the same dimension of plate as that of Lee et al. Therefore, our result of simulation in this study has a good agreement with the published results [10] as reported in Table 2 . For the acoustic power calculation, the computed analytical, numerical, and published experimental results [10] are considered as reported in Figure 4 . From Figure 4 , good agreements of computed acoustic results are seen to be obtained analytically and numerically in line with published experimentally results [10] . In this paper, the simulation results for the effect of natural frequency parameter (λ 2 ) due to different combination of point mass are considered. The different parabolic thickness variations are taken where the analysis of the plate is done by keeping mass of the plate + point mass constant. We have considered the first four frequency parameter and hence the numerical comparison is done between the uniform unloaded plate and plate with different combination of point masses for uniform thickness at T x = 0 as reported in Table 3 . We find from Table 3 that the effect of natural frequency parameter for the unloaded plate and the plate with different combination of point masses is almost same. For further simulation results, a comparison of percentage variation of frequency parameter with the modes are investigated for different cases of plate with point masses combination as reported in Figure 5 . It is clear from Figure 5 that the (0,1) mode increases for two point mass and four point mass combinations but decreases for one point mass combinations. In our numerical simulation results, we see that there is abrupt decrease of (0, 3) mode for all point masses combinations due to more stiffness associated with these modes. In our numerical simulation we compare λ 2 with all modes both for unloaded plate and plate with four point masses combinations as reported in Figure 6 . We find that the effect of natural frequency parameter due to four point masses shows the little decrease in the frequency parameter. This may happen due to more stiffness associated with this plate. Further, in this numerical simulation process, we compare Tables 4-6 for natural frequency parameter (λ 2 ) of plate with different combinations of point masses combinations for different cases of tapered plate. It is observed from the Tables 4-6 that Case II plate (parabolically decreasing-increasing thickness variation) reports the reduction in natural frequency parameter for all cases of thickness variations with different combinations of point masses in respect to Case I plate (parabolic decreasing thickness variation). This reduction of natural frequency parameter for Case II plate may be due to the less stiffness associated than that of Case I plate. It is found that due to more stiffness associated with Case III plate (parabolic increasing-decreasing thickness variation), it shows the almost equal effect of natural frequency parameter as that of uniform unloaded plate for all combination of point masses. However, for plate with different parabolically thickness variations with all cases of four point mass combinations, alteration of modes are observed at higher taper ratios. 
Acoustic Radiation of Tapered Annular Circular Plate with Different Attachment of Point Masses with Different Taper Ratios
In this numerical simulation processes, the sound power level (dB, reference = 10 −12 watts of annular circular plate with different combinations of point masses is considered. The plate with different parabolic thickness variation is analyzed due to transverse vibration. The different taper ratios are taken as range from (0.00-0.25). A concentrated load of 1N is considered under time-varying harmonic excitations which are acted at different excitation location at different nodes. A harmonic frequency range of 0-8000 Hz is taken to determine the sound radiation characteristic. We considered the Case I plate with parabolic decreasing thickness variation as a convergence study. Figure 7 compares analytically and numerically the sound power level for Case I plate with four point masses combination for taper ratio, T x = 0.75 and for different modes. On comparison of sound power, we observed a good agreement of computed results as depicted from Figure 7 . In this numerical simulation, the numerical comparison of sound power level for Case I plate with different combinations of point masses for different taper ratios are reported in Figures 8-10 . From Figures 8-10 , it is investigated that for sound power level up to 20 dB, we do not get any design options for different taper ratios for plate with both one point mass and for two point masses combinations. However, for four point masses combination, we do not find any sound power level upto 30 dB. However, for sound power level up to 30 dB, we get all taper ratios, T x = 0.00, 0.25, 0.50, and 0.75 as design options in frequency bands A and B for plate with one point mass combinationas reported in Figure 8 . It is noteworthy that, for sound power level up to 50 dB, we get more design options for sound power levels in different frequency bands, i.e., C, D, and E as reported in Figure 8 . From Figure 9 , it is apparent that for sound power level up to 30 dB, then in frequency band A only taper ratio T x = 0.00, 0.25, 0.50, and 0.75 are available design alternative for plate with two point mass combination. However, for sound power level up to 50 dB, we get wider frequency bands, B, C, and D for different taper ratios as reported in Figure 9 . From Figure 10 , it is investigated that for sound power level up to 40 dB is possible only in frequency bands A, B and C only with all taper ratios T x = 0.00, 0.25, 0.50, and 0.75 and therefore is the available design alternative for plate with four point mass combination. However, for sound power level up to 50 dB, we get broader range of frequency denoted as D, E and F for all taper ratios as reported in Figure 10 . It may be inferred from Figures 8-10 that plate with different combinations of point masses plays a significant role in sound power reduction in different frequency bands. For plates with four point masses combinations, the lowest sound power is observed in comparison to one point mass and two point mass combinations. However stiffness contribution due to various taper ratios have very limited impact on sound power level reduction in comparison to that of modes and excitation locations of plate with different combination of point masses. From Figures 8-10 , it is observed that for excitation frequencies up to 2000 Hz, the effect of different combinations of point masses and stiffness variation due to different taper ratios do not have a significant effect on sound power radiation for clamped-free forcing boundary condition. However, when the excitation frequency increases beyond 2000 HZ and up to the first peak, Case I plate with one point mass combinationreports the higher sound power level only for a higher taper ratio. However, for Case I plate with two point masses and four point masses combinations, there are variations of the sound power level. This is due to variation of peaks due to different taper ratios at this forcing region. Beyond 2000 HZ, Case II plate with two point massescombinations is seen to have the highest sound power level. However, the sound power for Case III plate is found to be decreased for all combination of point masses. Different modes do influence the sound power peaks as evident from Figures 8-10 . Sound power level peak obtained for different modes (0, 0) and (0, 1) is investigated and it is observed that the dissimilar peak for (0, 0) and (0, 1) is observed for plate with different point masses. However, with increasing taper ratio, sound power levels do shift towards lower frequency for all combinations of point masses. It is observed that at higher forcing frequency beyond 4000 Hz, different taper ratios alter its stiffness for different cases of thickness variations. It is needless to mention that for higher frequency beyond 4000 Hz up to 8000 HZ, plate with different combination of point mass alter its stiffness at higher forcing frequency. The acoustic power curve is seen to intersect each other at this high forcing region. Table 7 compares the peak sound power level of different parabolic tapered plate with different combinations of point masses for taper ratio T x = 0.75. It is interesting to note that the lowest sound power of 76 dB is observed for plate with four point mass combinations among all different thicknesses and the highest power of 82 dB is observed for plate with one point mass combination. Figures 11-13 compares Case I, Case II, and Case III for sound power level numerically for different combinations of point mass for taper ratio, T x = 0.75. From Figures 11-13 it is investigated that for excitation frequency up to 2000 Hz, plate with different parabolic thickness variations does not have contribute much on sound power radiation. However, beyond excitation frequency of 2000 HZ and up to the first peak, it is investigated that Case II plate with two point masses combination is very good sound radiator of sound power 83 dB in comparison to 82 dB of plate with one point mass combination. Case III plates with all combinations of point masses are seen to have poor sound radiation. Figure 14 compares radiation efficiency (σ mn ) analytically and numerically for Case I plate with four point masses combination having parabolically decreasing thickness variation and for taper ratio T x = 0.75. It is observed that on comparison the results obtained for radiation efficiency matches well with each other as reported in Figure 14 . Figure 15 compares the variation of radiation efficiency for Case I plate (parabolic decreasing thickness variation) with different arrangement of point masses for different taper parameter T x . In this numerical simulation, it is found that for exciting frequencies up to 1000 HZ, the effect of radiation efficiency with different arrangement of point masses and for different taper ratios is independent of excitation frequency. However, at a given forcing frequency beyond 1000 HZ, higher taper ratios cause higher radiation efficiency as evident from Figure 15 . It can also be seen that with increasing taper ratio sound power level peaks do shift towards lower frequency as reported in Figure 15 . Moreover, beyond 2000 HZ, different taper ratios alter its stiffness at higher frequency and radiation efficiency curve tends to intersect each other at this high forcing region. It can also be seen that all radiation curves due to all combination of point masses tends converge in a frequency range of 6800-7200 HZ and clear peaks are seen at this frequency band. From Figure 15 , it is noted that with increasing taper ratio the radiation efficiency increases for all combination of point masses. Among these radiation combinations, the highest radiation efficiency is shown by Case II plate with two point mass combinztions. The moderate radiation efficiency is seen to be observed for Case I plate with one point mass and two point masses combinations as reported in Table 7 . However, at higher forcing frequencies, different parabolic tapered plate (Cases I, II, and III) with four point masses combination shows the least radiation efficiency as evident from Table 7 . It is interesting to note that the lowest radiation efficiency (σ mn ) is shown by Case III plate. Thus, Case III plate may be considered a poor radiator among all the thickness variation with different combinations of and point masses. Figure 16 compares the radiation efficiency numerically for plates with different parabolic thickness variation two point masses combination for taper ratio T x = 0.75. It is investigated that all cases of parabolic tapered plate contribute almost the same radiation efficiency as depicted from Figure 16 . Figure 17 shows the numerical comparison of sound power level for plate with two point masses combination for different parabolic thickness variation and for taper ratio T x = 0.75. It is observed that almost equal and increasing peak sound power level is seen for all cases of parabolic tapered plate. Hence, the stiffness variation due to different taper ratios has negligible effect on acoustic radiation as evident from Figures 16 and 17 . 
Peak Sound Power Level Variation with Different Taper Ratios for All Combinations of Point Masses Attached to a Plate
In this numerical simulation, the peak sound power level is calculated. The different cases of plate with different parabolically varying thickness are considered. The different combinations of point mass are taken and different taper ratios are considered as shown in Figure 18 . We are aiming at the highest peak sound power level for different combinations of point mass attached to a plate which is reported at first peak which corresponds to (0, 0) mode of the plate. In this numerical simulation, different cases of plate are investigated with point mass combination. For the Case I plate with one point mass combination, it is seen that peak sound power level increases for increasing value of taper ratio. For two point masses and four point masses combinations, there seems to be the variation of peak sound power levels for increasing value of taper ratio as evident from Figure 18 . For Case I plate it is seen that peak is maximum for taper ratio, T x = 0.75 for plate with one point mass combination and peak is minimum for taper ratio, T x = 0.75 for four point masses combination. It is further noticed that for Case II plate the highest peak is seen for taper ratio, T x = 0.75 for two point masses combination. Similarly, it is seen that for Case III plate lowest peak is observed for taper ratio, T x = 0.75 for plate with four point masses combination. Thus from the simulation result, it is quite obvious that peak sound power level corresponds to (0, 0) mode is deeply affected by different combinations of point masses. It is observed that plate with different combinations of point masses with different taper ratios provide us design options for peak sound power level. As for example, for peak sound power reduction, taper ratios, T x = 0.75 with four point mass combination and taper ratio, T x = 0.75 with two point masses combination, for Case III plate may be the options. Similarly, for sound power actuation, taper ratio T x = 0.75 with one point mass combination for Case I plate and two point masses combination for Case II plate may be the another alternative solution. 
Conclusions
This paper represents a comparison of vibroacoustic behavior of different cases of parabolic tapered annular circular plate. The different combinations of point masses of tapered plate are considered. The clamped free boundary condition of the plate is taken where the mass of the unloaded plate and the mass of the plate plus point masses is kept constant. In this numerical simulation, it is investigated that Case II plate for all combination of point masses shows reduction in natural frequency parameter in comparison to Case I plate. This may happen perhaps due to less stiffness associated with the Case II plate. However, the natural frequency parameter for Case III plate is found to be same as that of uniform unloaded plate. For acoustic radiation behavior, it is noted that mode variation and all cases of parabolic tapered plate with different combinations of pointmasses have significant impact on sound power level. Whereas the sound power level is less contributed by the stiffness variation due to different taper ratios. Up to 50 dB, we get abroad range of frequencies as design options for all taper ratios, T x = 0.00, 0.25, 0.50, and 0.75. This includes all cases of parabolic tapered plate with different combinations of point massesin different frequency bands. The numerical simulation results in minimum sound power level for all cases of thickness variation of plate with four point masses combination. On other hand, Case II plate reports the highest sound power level with two point masses combinations. It is interesting to note that Case III plate with all combination of point masses is seen to have the lowest sound power level among all variations and may be considered as the lowest sound radiator. Finally, design options for peak sound power level different combinations of point masses with different taper ratios are considered. For example, for peak sound power reduction, taper ratios T x = 0.75 with four point masses combination and taper ratio T x = 0.75 with two point masses combination for Case III plate may be the options. Similarly, for sound power actuation, taper ratio T x = 0.75 with one point mass for Case I plate and two point masses combination for Case II plate may be the another solution.
